This paper considers the achievable accuracy in jointly estimating the parameters of a real valued two-dimensional homogeneous random eld with mixed spectral distribution, from a single observed realization of it. On the basis of a 2-D Wold-like decomposition, the eld is represented as a sum of mutually orthogonal components of three types: purelyindeterministic, harmonic, and evanescent. An exact form of the Cramer-Rao lower bound on the error variance in jointly estimating the parameters of the di erent components is derived. It is shown that the estimation of the harmonic component is decoupled from that of the purely-indeterministic and evanescent components. Moreover, the bound on the parameters of the purely-indeterministic and evanescent components is independent of the harmonic component. Numerical evaluation of the bounds provides some insight into the e ects of various parameters on the achievable estimation accuracy.
Introduction
In this paper, we consider the problem of tting a parametric model to observations from a single realization of a two-dimensional (2-D) real valued discrete and homogeneous random eld with mixed spectral distribution. This fundamental problem is of great theoretical and practical importance. It arises quite naturally in terms of the texture estimation of images 26], 27], 29], as well as in several areas of radar, sonar, and seismic signal processing.
From the 2-D Wold-like decomposition 1], we have that any 2-D regular and homogeneous discrete random eld can be represented as a sum of two mutually orthogonal components: a purely-indeterministic eld and a deterministic one. The purely-indeterministic component has a unique white innovations driven moving average representation. The deterministic component is further orthogonally decomposed into a harmonic eld and a countable number of mutually orthogonal evanescent elds. This decomposition results in a corresponding decomposition of the spectral measure of the regular random eld into a countable sum of mutually singular spectral measures. The spectral distribution function of the purely-indeterministic component is absolutely continuous, while the spectral measure of the deterministic component is singular with respect to the Lebesgue measure, and therefore it is concentrated on a set of Lebesgue measure zero in the frequency plane. For practical applications, the \spectral density function" of the regular eld's deterministic component can be assumed to have the form of a countable sum of 1-D and 2-D delta functions. The 1-D delta functions are singular functions which are supported on curves in the 2-D spectral domain. The 2-D delta functions are singular functions which are supported on discrete points in the spectral domain. In 27], 29] the 2-D Wold-like decomposition, and the resulting random eld model, are employed for modeling, analysis, and synthesis of natural textures. We refer the interested reader to 27], 29] for examples that demonstrate the identi cation and parameterization of the decomposition components in images of natural textures. Illustrative synthetic examples can be found in 28] .
This paper is devoted to the analysis of the achievable accuracy in estimating the parameters of a regular homogeneous random eld, based on the parametric model derived in 1]. In particular we concentrate here on establishing the lower bound on the error variance in jointly estimating the parameters of the purely indeterministic, harmonic and evanescent components of the eld, based on a nite dimension, single observed realization of this eld. Assuming that the observed eld is a Gaussian random eld, we derive closed form expressions for the lower bound on the error variance of any unbiased estimator of the eld parameters. We show that the lower bound on the parameters of the harmonic component is decoupled from the bound on the parameters of the purely-indeterministic and evanescent components. Moreover, the bound on the parameters of the purely-indeterministic and evanescent components is independent of the harmonic component. These results hold regardless of the parametric models of the purely-indeterministic and evanescent components. Next, by assuming a moving average model, or alternatively an autoregressive model, for the modulating purely-indeterministic processes of each evanescent eld, we nd for both cases, closed form expressions for the Fisher Information Matrix (FIM) entries which correspond to the parameters of the evanescent components. For the case where the 2-D moving average model of the purely indeterministic component is of nite dimensions we derive a closed form exact Cramer Rao Bound (CRB) on the achievable accuracy in jointly estimating the parameters of the harmonic, evanescent and purely indeterministic components of the eld, from a nite dimension observed realization of it.
The general problem of random elds' parameter estimation has received considerable attention. Many of the works address the problem of the statistical inference of Markov random elds (MRFs), and its applications in image processing. See, e.g., 3], 4], and the references therein. A special class of MRFs is that of Gauss-Markov random elds (GMRFs). It is shown in 6] that a GMRF may be de ned in the form of a 2-D auto-regressive (AR) eld driven by correlated-noise. This de nition is equivalent to specifying the eld joint probability density function, through the Gibbs potentials. A Maximum-likelihood algorithm for estimating the parameters of a GMRF is derived in 5] . A large number of the existing parameter estimation algorithms are concerned with the parameter estimation of 2-D AR elds, (see, e.g. . In general, most of these works implicitly assume the observed random eld is purely-indeterministic and try to t it with white-or correlated-noise driven linear model. A di erent family of algorithms addresses the problem of estimating the parameters of sinusoidal signals in white noise. Note however that in the Gaussian case, all of the foregoing problems are only special cases of the general problem which we address in this paper.
The asymptotic Cramer-Rao bound on the parameters of a Gaussian purely indeterministic eld was derived by Whittle 2] . More recently, this general derivation was specialized for the case of non-causal AR models, and non-symmetrical half plane (NSHP) AR An early discussion on the problem of analyzing 2-D homogeneous random elds with discontinuous spectral distribution functions can be found in 21]. In 22] we have developed a conditional ML algorithm for jointly estimating the parameters of the harmonic, evanescent, and purely indeterministic components of a complex valued homogeneous random eld from a single observed realization of it. In 28], this algorithm is generalized for the case where the random eld is real valued, and has multiple evanescent components of unknown spectral support parameters. In 22] we also derive the conditional Cramer-Rao lower bound on the covariance matrix of the conditional estimates for a complex valued eld with a special type of evanescent component. Here, we derive an exact Cramer-Rao bound on the parameters of essentially any real-valued regular and homogeneous Gaussian eld, where the eld may contain all of the 2-D Wold decomposition components.
The paper is organized as follows. In section 2 we brie y summarize the results of the 2-D Wold-like decomposition, which establish the theoretical basis for the suggested solution. In section 3 we de ne the problem considered in this paper and introduce some necessary notations. In section 4 a general form of the CRB for the estimation problem considered here is derived. It is shown that the estimation problem of the harmonic component is decoupled from that of the purely-indeterministic and evanescent components. In section 5 we derive closed form expressions for the lower bound on the achievable estimation accuracy of the eld parameters both for the case in which the modulating 1-D purely-indeterministic processes of each evanescent eld are MA processes, as well as for the case in which the modulating 1-D purely-indeterministic processes of each evanescent eld are AR processes . In Section 6 we present some numerical examples in order to get further insight into the properties of the bound.
The Homogeneous Random Field Model
The considered random eld model is based on the Wold-type decomposition (of 2-D regular and homogeneous random elds) presented in 1] and brie y summarized in this section. Let fy(n;m);(n;m) 2 Z 2 g, be a real valued, regular, homogeneous random eld. Then y(n; m) can be uniquely represented by the orthogonal decomposition y(n; m) = w(n; m) + v(n; m) :
The eld fw(n;m)g is purely-indeterministic and has a unique white innovations driven moving average representation. The eld fv(n;m)g is a deterministic random eld. We call a 2-D deterministic random eld fe o (n; m)g evanescent w.r.t. the NSHP total-order o if it spans a Hilbert space identical to the one spanned by its column-to-column innovations at each coordinate (n; m) (w.r.t. the total order o). The deterministic eld column-to-column innovation at each coordinate (n; m) 2 Z 2 is de ned as the di erence between the actual value of the eld, and its projection on the Hilbert space spanned by the deterministic eld samples in all previous columns.
It is possible to de ne, 1], a family of NSHP total-order de nitions such that the boundary line of the NSHP is of rational slope. Let and be two coprime integers, such that 6 = 0.
The angle of the slope is given by tan = = . (See, for example, Fig. 1 .) Each of these supports is called rational non-symmetrical half-plane (RNSHP). We denote by O the set of all possible RNSHP de nitions on the 2-D lattice, (i.e., the set of all NSHP de nitions in which the boundary line of the NSHP is of rational slope). The introduction of the family of RNSHP total-ordering de nitions results in the following countably in nite orthogonal decomposition of the deterministic component of the random eld:
v(n; m) = p(n; m) + X ( ; )2O e ( ; ) (n; m) :
The random eld fp(n;m)g is half-plane deterministic, i.e., it has no column-to-column innovations w.r.t. any RNSHP total-ordering de nition. The eld fe ( ; ) (n; m)g is the evanescent component which generates the column to column innovations of the deterministic eld w.r.t.
the RNSHP total-ordering de nition ( ; ) 2 O. Hence, if fy(n;m)g is a 2-D regular and homogeneous random eld, then y(n; m) can be uniquely represented by the orthogonal decomposition y(n; m) = w(n; m) + p(n; m) + X ( ; )2O e ( ; ) (n; m) : (3) In this paper, all spectral measures are de ned on the square region K = ?1=2;1=2] ?1=2;1=2]. It is shown in 1] that the spectral measures of the decomposition components in (3) are mutually singular. The spectral distribution function of the purely-indeterministic component is absolutely continuous, while the spectral measures of the half-plane deterministic component and all the evanescent components are concentrated on a set of Lebesgue measure zero in K. Since for practical applications we can exclude singular-continuous spectral distribution functions from the framework of our treatment, a model for the evanescent eld which corresponds to the One of the half-plane deterministic eld components, which is often found in physical problems is the harmonic random eld h(n; m) = P X p=1 C p cos 2 (n! p + m p ) + D p sin 2 (n! p + m p ) ; (5) where 
Problem De nition
The orthogonal decompositions of the previous section imply that if we exclude from the framework of our model those 2-D random elds whose spectral measures are concentrated on curves other than lines of rational slope, y(n; m) is uniquely represented by y(n; m) = w(n; m) + h(n; m) + X ( ; )2O e ( ; ) (n; m) : (6) Hence, in this paper, we study the problem of the achievable accuracy in jointly estimating the parameters of the harmonic, evanescent, and purely-indeterministic components using a nite size, single observed realization of the eld. In this problem the purely-indeterministic component can be viewed as an unknown colored noise eld.
When expressed in the general form (5), the coe cients fC p ; D p g of the harmonic component are real valued, mutually orthogonal random variables. However, since in general, only a single realization of the random eld is observed, we cannot infer anything about the variation of these coe cients over di erent realizations. The best we can do is to estimate the particular values which the C p 's and D p 's take for the given realization; in other words we might just as well treat the C p 's and D p 's as unknown constants, and the harmonic component as the unknown mean of the observed realization.
We next state our assumptions and introduce some necessary notations. Let fy(n;m)g, (n; m) 2 D where D = f(i;j)j0 i S ? 1; 0 j T ? 1g be the observed random eld. Note however that the observed eld could just as well have any arbitrary shape.
Assumption 1: The purely-indeterministic component is a zero mean, real valued Gaussian eld. Hence the purely-indeterministic component is characterized by its covariance matrix which is denoted by ? PI . We assume that the covariance matrix has some known parametric form, where b is the parameter vector. At the moment we will not specify the functional dependence of ? PI on b, but rather leave it implicit.
Assumption 2: The number P of harmonic components in (5) (10) Thus, the parameter vector of the observed eld fy(n;m)g is given by ; (18) where denotes an element by element product of the vectors.
Note that whenever n ?m = k ?` for some integers n; m; k;`such that 0 n; k S ?1 and 0 m;` T ? 1, the same element ofs for any ( ; ) cannot be derived due to the dependence of the matrix structure on ( ; ). However for the case in which ( ; ) = (1; 0), (and similarly for ( ; ) = (0; 1)), a more compact representation is possible. More speci cally, for this special case (18) is the imaginary part of the same vector. Hence, using the orthogonality of fs (1;0) i g and ft (1;0) i g, and the properties of the Kronecker product 
Hence, the Using (37) and (40) we conclude that the FIM elements which correspond to the amplitude parameters of the harmonic component are given by 
where diag( 1 ), (diag ( 2 ) 
Using the orthogonality of the evanescent components, their orthogonality to the purelyindeterministic component, and (27) 
Substituting (38) and (39) into (36), we conclude that, for all the FIM entries that correspond to parameters of the purely-indeterministic and evanescent components, the mean dependent term of (36) 
We have previously concluded that the estimation problem of the harmonic component is decoupled from the estimation problem of the purely-indeterministic and evanescent components. Using (53){(55) we nd that the bound on the purely-indeterministic and evanescent components is found by inverting the FIM block which corresponds to the parameters of the purely-indeterministic and evanescent components, and it is independent of the harmonic component parameters. Therefore this bound is identical to the one obtained for the case in which no harmonic component exists.
From the Wold type decomposition (1), it is known that the purely-indeterministic component of the eld has a unique white innovations driven moving average representation. In 25] we consider the representation of the covariance matrix of a 2-D MA random eld in terms of the MA model parameters, for nite order MA models. The derivatives of the covariance matrix, ? PI , with respect to the MA model parameters are derived as well. Hence, in this paper we consider only a simple special case of the general derivation, and assume that the purely indeterministic component is a zero mean, white Gaussian eld with variance 
Thus for the case in which the purely indeterministic component is a Gaussian white noise eld, substitution of (27) and (59) into (53), followed by substitution of (27) Recall that whenever n ? m = k ?` , for some integers n; m; k;`such that 0 n; k S ? 1 
The derivation of the derivatives of the covariance matrix with respect to the evanescent component parameters is similar to that which leads to (56)-(57), and hence omitted. is the parameter vector. In this section we specialize the results of the previous section. We consider two di erent parametric models for the modulating 1-D purely-indeterministic processes of the evanescent eld. First we consider the case in which the modulating 1-D processes are moving average processes. Next we consider the case in which these processes are autoregressive processes. Using this derivation we nally obtain a closed form exact expression of the CRB on the error variance in estimating the parameters of the homogeneous random eld. . Using (68), a closed form expression for (28) is obtained. Thus, for the case in which the modulating 1-D processes of the evanescent elds are MA processes, we have obtained a closed form exact expression for the CRB on the error variance in estimating the parameters of the homogeneous random eld.
Evanescent Components with

Evanescent Components with Gaussian AR Modulating Processes
In the following, we assume that the modulating 1-D processes fs 
Using the identity 
Numerical Examples
To gain more insight into the behavior of the bound on the di erent components, we resort to numerical evaluation of some speci c examples. In this section, we present several such examples which illustrate the dependence of the bound on various parameters of the eld. The results indicate that varying the variance of the AR model driving noise from 0:5 to 5 has almost no e ect on the CRB for the parameters of the harmonic components, as well as on the bound on the noise variance of the purely-indeterministic component. For example the , and on the evanescent eld modulating 1-D AR processes parameter a (1;0) (1), as a function of (
bound on ! 1 has risen from 4:4022 10 ?7 to 4:4024 10 ?7 , and similarly the bound on the noise variance of the purely-indeterministic component has risen from 1:312 10 ?3 to 1:316 10 ?3 . This slight increase is due to the presence of the evanescent component whose energy increases from experiment to experiment.
On the other hand varying the variance of the AR model driving noise has a signi cant in uence on the CRB for the evanescent component frequency parameter, (1;0) , as illustrated in Fig. 2 . We also note that the bounds on estimating the parameters of the modulating AR processes decrease with the increase in the evanescent component energy. (2) = 0:7. The peak of the spectral density function of these processes is at ! = =4. In this example the frequency parameter of the evanescent eld, (1;0) , is changed from experiment to experiment, and we investigate the bounds on the error variance in estimating the parameters of the harmonic component.
The results, Fig. 3 , indicate that as the frequency parameter of the evanescent eld is getting closer to 0:25, which is the axis spatial frequency of the harmonic component, the estimation of the harmonic component parameters becomes more di cult. Note that when . i.e., (1;0) = 1 , the error variance on ! 1 ; C 1 ; D 1 , becomes maximal, while the error variance on estimating 1 , is getting smaller due to the fact that both the harmonic and evanescent components have their energies concentrated at the same -axis frequency. Note also that as long as the harmonic and evanescent components are well separated, the bounds on the harmonic component parameters remain almost constant. (2) = 0:7. The peak of the spectral density function of these processes is also at ! = =4. In this example the frequency parameter,
, of the second evanescent component, is changed from experiment to experiment, and we investigate the bounds on the error variance in estimating the parameters of the harmonic components, and the rst evanescent component.
The results in Fig. 4 indicate that as the frequency parameter of the second evanescent component is getting closer to 0:25, which is the axis spatial frequency of the rst harmonic component, the estimation of the harmonic component parameters becomes more di cult. When On the other hand when the frequency parameter of the second evanescent component is far from the frequencies of the harmonic components, the bounds on the harmonic components parameters remain almost constant, and the bounds are almost identical to their values when no evanescent component exists in the observed eld (dashed lines).
The results in Fig. 5 (solid lines) illustrate the behavior of the CRB's on the parameters of the rst evanescent component as a function of the second evanescent component spectral support parameter,
. It is clear that as long as the spectral supports of two evanescent components are not very close, the bounds on both , drops sharply due to the fact that both evanescent components have their energies concentrated on the same spectral support. On the other hand it is clear that when the spectral supports of the two evanescent components coincide, the problem of estimating the parameters of the modulating 1-D AR processes of the two evanescent components is much more di cult since it requires the separation of these 1-D processes from their sum. Figure 6 depicts the log spectral density function of the rst evanescent component modulating AR processes. The mean value of the log spectrum (dashed line) and the mean plus and minus the standard deviation computed from the CRB, are shown. The solid line denotes the bound on the log spectrum for the case in which the observed eld has only one evanescent component, while the dashed-dotted line denotes the bound for the case in which the observed eld has two evanescent components. As the distance between the parallel spectral supports of the two evanescent components increases, the bound on the spectral density of the rst component modulating AR processes becomes identical to its value for the case in which no second evanescent component exists. In fact, in the present example the bounds for the single evanescent component case and the two components case become essentially identical for relatively small di erences of the components' spectral support parameters, (j We therefore conclude that as the distance between the parallel spectral supports of the two evanescent components becomes larger the FIM tends to a block diagonal structure, in which separate diagonal blocks correspond to the parameters of the di erent components. Furthermore, the CRB's for each component become almost the same as in the single component case.
On the other hand, as the distance between the parallel spectral supports of the two evanescent components decreases, or when the spectral support of any of the evanescent components is close to the frequency of an harmonic component, the bounds become much higher than in the corresponding single component cases.
Example 5: Here, we consider a case in which the observed random eld has two evanescent components whose spectral supports intersect. We compare the CRB on the accuracy of estimating the eld parameters, with the CRB for the same eld, when only one of the two evanescent components is present. More speci cally we consider a 2-D homogeneous random eld consisting of a sum of two closely spaced harmonic components, two evanescent components e (86) and (87) with all T's replaced by S's. We consider three cases: Case I is the case in which both evanescent components exist in the observed eld, Case II is the case in which the only evanescent component of the observed eld is e (1;0) (n; m), Case III is the case in which the only evanescent component of the observed eld is e (0;1) (n; m). In Table I we list the bounds on the error variance in estimating the parameters of the observed eld for the three cases. The results indicate that the lower bounds on the error variance in estimating the parameters of the di erent components are essentially una ected by the presence of multiple evanescent components with intersecting spectral supports. Using this example we conclude that in general, the presence of evanescent random elds with intersecting spectral supports has only a negligible e ect on the CRB of each component parameters, compared with the case in which this component is the only evanescent component of the eld. Using the conclusions of Example 3 and Example 4, we nally conclude that the presence of an evanescent component in the eld has essentially no e ect on the lower bound on the accuracy of estimating the parameters of the other components of the eld, unless the spectral support of the evanescent component is parallel and very close to that of another evanescent component, or if the spectral support of the evanescent component is very close to the spectral support of an harmonic component.
Conclusions
In this paper we have investigated the achievable accuracy in jointly estimating the parameters of a real valued two-dimensional homogeneous random eld with mixed spectral distribution, from a single observed realization of it. An exact form of the Cramer-Rao lower bound on the accuracy of jointly estimating the parameters of the di erent components was derived. It was shown that the estimation of the harmonic component is decoupled from that of the purely-indeterministic and evanescent components; furthermore, the bound on the purely-indeterministic and evanescent components is independent of the harmonic component.
We have specialized this derivation and derived closed form expressions of the CRB for the case where the modulating 1-D purely indeterministic processes of each evanescent eld are moving average or autoregressive processes, and the purely-indeterministic component of the eld is a white noise eld. In 25], a derivation of a closed form exact CRB on the parameters of 2-D moving average random elds, and hence of essentially any purely-indeterministic random eld, is presented. Thus, together with the derivation of the closed form exact CRB on the parameters of 2-D moving average random elds, the derivation in this paper provides a closed form exact CRB on the parameters of essentially any homogeneous random eld.
Using numerical evaluation of speci c examples we have found that as the distance between the spectral supports of any two evanescent components with parallel spectral supports is large enough, or when the spectral supports of the evanescent components intersect, the FIM block that corresponds to the evanescent components' parameters, tends to a block diagonal structure. In this structure, separate diagonal blocks correspond to the parameters of the di erent evanescent components. Furthermore, the values of the CRB's on the parameters of each component are essentially una ected by the presence of other evanescent components. On the other hand, as the distance between the spectral supports of any two evanescent components with parallel supports decreases, or when the spectral support of any of the evanescent components is close to the frequency of an harmonic component, the bounds become much higher than in the corresponding single component cases. , and on the evanescent eld modulating 1-D AR processes parameter a (1;0) (1), as a function of ( 
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